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Abstract: In supersymmetric quantum mechanics, the non-Abelian Berry phase is known
to obey certain differential equations. Here we study N = (0, 4) systems and show that the
non-Abelian Berry connection over R4n satisfies a generalization of the self-dual Yang-Mills
equations. Upon dimensional reduction, these become the tt* equations. We further study the
Berry connection in N = (4, 4) theories and show that the curvature is covariantly constant.
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1. Introduction
Although the concept of a non-Abelian gauge connection is most familiar in the context of
particle physics, the first place that one encounters this idea is in the more down-to-earth
framework of non-relativistic quantum mechanics. Suppose that a quantum system has an
N -fold degeneracy of states, |a〉, for a = 1, . . . , N . Moreover, we assume that this degeneracy
is preserved as one varies a set of external parameters, φp. Then one can define a U(N) gauge
connection over the space of parameters,
(Ap)ab = 〈b|
∂
∂φp
|a〉 . (1.1)
Far from a mathematical curiosity, this gauge connection has physical consequences. As
one adiabatically varies the parameters φp around a closed path, a state within this energy
subspace undergoes a U(N) holonomy which depends on the path taken,
U = T exp
(
i
∫ tf
ti
Ap(φ)φ˙
pdt
)
. (1.2)
This is known as the non-Abelian Berry phase or, more precisely, Berry holonomy [1, 2].
However, in general the connection Ap is difficult to compute. Indeed, one can see from (1.1)
that an explicit derivation requires us to know the exact energy eigenstates |a〉 for all values of
the parameters φp. Apart from in a few simple (but important!) systems, this is information
that we don’t have access to.
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Progress can be made if one considers supersymmetric quantum mechanics. In this case,
one can show that the Berry connection Ap must satisfy certain differential equations. In
certain cases, this makes the problem of computing the connection tractable even when the
ground states are not explicitly known. Of course, the systems that we can study in a
laboratory are not supersymmetric. Nonetheless, it may still be possible to make progress by
truncating supersymmetric systems to more realistic non-supersymmetric quantum mechanics
which inherit the Berry connection from their supersymmetric parent – an example of this
was given in [3].
The first example of a non-Abelian Berry phase in supersymmetric quantum mechanics
was given by Cecotti and Vafa [4]. They studied theories with N = (2, 2) supersymmetry.
When the parameters φp live in supersymmetric chiral multiplets, they showed that the
resulting Berry connection obeys the so-called tt* equations,
DpGq = DqGp , [G
†
p, Gq] = [Dp,D
†
q] , (1.3a)
D†pGq = [Gp, Gq] = [Dp,Dq] = 0 . (1.3b)
Here Dp is the covariant derivative with respect to the complex parameter φp: Dp ≡ ∂/∂φp+
i[Ap, .]. Meanwhile Gp is a particular correlation function within the theory that may typically
be computed semi-classically for large values of φ.
A simple derivation of the tt* equations was presented recently in [5]. One generalizes the
connection Ap in (1.2) to a supersymmetric connection, depending both on bosonic parameters
φp and their fermionic partners.
A = Ap(φ)φ˙p + . . . , (1.4)
where . . . include the fermions. In order for the system to be supersymmetric, the holonomy
(1.2) should remain invariant up to a relabelling of the basis vectors [6, 5]. We therefore
require that under supersymmetry, the connection transforms as,
δA =
dΘ
dt
+ i[A,Θ] . (1.5)
To illustrate this technique, if we take the parameters of the system to live in chiral multiplets,
the most general U(N) connection we can write is
A = (Apφ˙
p +GpF
p −Bpqψ
pψq + h.c.) + Cpqψ¯
pψq + ~Cpq · ψ¯
p~σψq , (1.6)
where Ap, Gp and Bpq are u(N)-valued matrices, which are complex functions of φ and φ
†,
while Cpq and ~Cpq are real u(N)-valued functions of φ and φ
†. Imposing the transformation
(1.5) requires that the connections Ap and the matrices Gp obey the tt* equations (1.3) while
the remaining matrices are given by
~Cpq = 0 , Bpq +Bqp = DpGq , (1.7a)
Cpq = [G
†
p, Gq] = [Dp,D
†
q] . (1.7b)
– 2 –
One advantage of this new technique is that it allows us to find the possible Berry con-
nections obeyed by more general parameters. For example, an N = (2, 2) vector multiplet
contains a triplet of parameters (as opposed to the complex parameter in the chiral multiplet).
It was shown in [5] that the non-Abelian Berry connection must now satisfy the Bogomol-
nyi monopole equations over R3 or, for multiple parameters, a novel generalization of the
Bogomolnyi equation over R3n, with n being the number of vector multiplets.
The purpose of this paper is to extend this technique to further supersymmetric multiplets
to determine the associated Berry connections. In section 2, we consider parameters in a
N = (0, 4) multiplet. We will show that the Berry connection in such systems is forced to
obey the self-dual Yang-Mills equations. We further show that when one varies parameters in
n multiplets, the Berry connection is given in terms of a novel generalization of the self-dual
equations to R4n. In section 3, we derive the constraints on the Berry connection imposed
by N = (4, 4). We use that information to reproduce an earlier result [7] where a different
approach was used.
2. N = (0, 4) supersymmetry and the self-dual equations
In this section, we generalise the Berry’s phases studied in [5] by considering different super-
symmetries. Our focus is on N = (0, 4) supersymmetry with supersymmetry transformations
given by
δXar = iβ4ψ
a
r + iβmψ
b
rJ
(m) a
b , (2.1a)
δψar = −X˙
a
r β4 + βmX˙
b
rJ
(m) a
b . (2.1b)
Our conventions are those of [8]. Here, r = 1, . . . , n labels the multiplets, while a = 1, 2, 3, 4
is an R-symmetry index. The Xr are real bosonic variables, ψr real fermionic variables, β
the four Grassmann-valued supersymmetric parameters, and J
(m) a
b , m = 1, 2, 3 are almost
complex structures. The most general connection we can have is
A = Ara(X)X˙
a
r +B
rq
ab(X)ψ
a
rψ
b
q , (2.2)
with Ara and B
rq
ab matrices. Also, we can see that B satisfies the antisymmetry condition
Brqab = −B
qr
ba . After a straightforward computation, which we reproduce in the appendix, one
finds that A is invariant under the supersymmmetry transformations (2.1) if the fields obey
F rqab = 2iB
rq
ab , (2.3a)
F rqabJ
(m) b
c = 2iB
qr
cbJ
(m) b
a , (2.3b)(
DscB
rq
[ab
)
J
(m) c
d] = 0 , (2.3c)
The field strength is defined in the usual manner: F rqab = ∂A
q
b/∂X
a
r − ∂A
r
a/∂X
b
q + i[A
r
a, A
q
b ].
In the last of these equations, the anti-symmetrisation over the indices abd also rotates the
indices rqs. Equations (2.3a) and (2.3b) imply a restriction on the connection,
F qrcaJ
(m) c
b − F
rq
cb J
(m) c
a = 0 , (2.4)
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For the case of a single multiplet (i.e. n = 1), these equations were previously derived in [9].
The case of many multiplets appears to be novel.
Equation (2.3c) can be written in a slightly different form, by using the Bianchi identities
and equation (2.4),
F src[a∂
q
bJ
(m) c
d] = 0 (2.5)
where, again, the anti-symmetrisation over the indices abd also rotates the indices rqs. A
trivial solution to this equation is achieved if one considers almost complex structures in R4,
given by the ’t Hooft matrices
J (1) =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 , J (2) =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 , J (3) =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (2.6)
Equation (2.4) then becomes a generalization of the self-dual equations for a U(N) connection
over R4n,
F rqµν = −
1
2
ǫµνρσF
rq
ρσ − δµνZ
rq , (2.7)
where Zrq = −F rq11 = −F
rq
22 = −F
rq
33 = −F
rq
44 is antisymmetric in r ↔ q. Obviously, if we
restrict to a single multiplet, these equations reduce to the familiar instanton equations on
R4. In the appendix, we rederive (2.7) as the restriction on a Berry connection starting from
a different (and seemingly less standard) set of supersymmetry transformations.
The above results show that if we vary parameters of supersymmetric quantummechanics,
living in an N = (0, 4) multiplet with transformations (2.1), the associated Berry phase must
obey (2.4). It remains to find an explicit example. Moreover, there appear to be some
conceptual difficulties in constructing such a system. In the case of the ’t Hooft Polyakov
monopole, the off-diagonal terms in the connection could be understood in terms of tunnelling
processes in quantum mechanics [3] whose characteristic feature is an exponential fall-off. The
interpretation of the instanton power-law fall-off is presently unclear.
2.1 Dimensionally reducing the self-dual equations
It is known that dimensional reduction of the self-dual equations leads to the Bogomolnyi
equation. Also, we know that a second dimensional reduction allow us to obtain the Hitchin
equation. In this subsection, we show that there are similar relations between the generalisa-
tion of the self-dual equations (2.7), the tt*-Bogomolnyi equations of [5] and the tt* equations
(1.3). We start by dimensionally reducing (2.7) along the directions X4 of every multiplet,
labelled by q. Define Hq ≡ −A
q
4. The dimensional reduction of the field strength tensor gives
F qp44 ≡ i[Hq,Hp] = −Z
qp = F qpii (no sum over i) , (2.8a)
F qpi4 = F
pq
i4 ⇔ D
q
iHp = D
p
iHq , (2.8b)
F qpij = −ǫijk4F
qp
k4 + δijF
qp
44 = ǫijkD
q
kHp + iδij [Hq,Hp] . (2.8c)
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These are the tt*-Bogomolnyi equations.
We now further dimensionally reduce along the directions X3. Defining
Gp =−A
p
4 + iA
p
3 , (2.9a)
Ap =Ap1 − iA
p
2 , (2.9b)
φp =X
1
p + iX
2
p . (2.9c)
allows us to obtain the equations
[Gp, Gq] = [Dp,Dq] = 0 , (2.10a)
D†pGq = 0 , (2.10b)
DpGq = DqGp , (2.10c)
[Dp,D
†
q] = [G
†
q, Gp] . (2.10d)
But these are the tt* equations.
3. N = (4, 4) supersymmetry
In this section, we consider the parameters to be living in an hypermultiplet of N = (4, 4)
supersymmetry. Its field content is the same as two N = (2, 2) chiral multiplets,
(φ1, ψ±, F1) chiral multiplet 1 , (3.1a)
(φ2, λ±, F2) chiral multiplet 2 . (3.1b)
For consistency in notation, ψ should be called ψ1 and λ should be ψ2, but that could generate
unnecessary confusions later on.
The Berry phase in this system will be given by the tt* equations with two chiral multi-
plets, subject to extra conditions coming from the extra supersymmetry that we now have.
These extra symmetry can be looked at as an R-symmetry that rotates the chiral multiplets
(3.1) into each other. In this section, we are going to compute these conditions.
The R-symmetry of N = (4, 4) supersymmetry is SO(5) × SU(2). (φ1, φ
†
2) transforms
in the (1,2) representation, i.e., a singlet under SO(5) and a doublet under SU(2). The 4
complex fermionic variables transform in the (4,1), while the F ’s are singlets under both
transformations.
The restrictions from the SU(2) part of the R-symmetry put A1 and A
†
2 in a doublet,
while the other coefficients are singlets under it. In the rest of the section we focus on the
conditions imposed by the SO(5) ∼= Spin(5) part.
In order to do that, it is useful to work in the chiral representation of the Clifford algebra,
defined by having a charge matrix of the form
B ∝
(
0 iσ2
iσ2 0
)
, (3.2)
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In such representation, the Spin(5) spinor can be written in terms of the two Spin(2) spinors
by putting one of them in the first two components, and the second one in the bottom ones,
Ψ =
(
λα
ψ¯α˙
)
. (3.3)
The gamma matrices are given by
γi =
(
σi 0
0 −σi
)
, γ4 =
(
0 i1
−i1 0
)
, γ5 =
(
0 1
1 0
)
. (3.4)
We now write SO(5) invariant interactions in terms of the Spin(2) spinors. By compar-
ison with (1.6), we will be able to tell the extra conditions that the coefficients in the Berry
phase have to satisfy. SO(5) covariant interactions with two spinors are [10]
Ψ†Ψ SO(5) scalar , (3.5)
Ψ†γµΨ SO(5) vector , (3.6)
Ψ†γ[µγν]Ψ SO(5) 2-tensor . (3.7)
Writing them in terms of the Spin(2) spinors,
Ψ†Ψ = λ¯λ− ψ¯ψ , (3.8a)
VµΨ
†γµΨ = Vi(λ¯σ
iλ− ψ¯σiψ) + (V5 + iV4)λ¯ψ¯ + (V5 − iV4)λψ , (3.8b)
VµνΨ
†iγ[µγν]Ψ = −ǫijkVij(λ¯σ
kλ+ ψ¯σkψ)− 2V45(λ¯λ+ ψ¯ψ)
−2(Vi4 + iVi5)ψ
α(σi) βα λβ − 2(Vi4 − iVi5)λ¯α˙(σ
i)α˙
β˙
ψ¯β˙ .
(3.8c)
In the language of two chiral multiplets, we know that ~Cpq = 0. That means that
Vij = Vi = 0. But because we now have more symmetry, those coefficients are actually
sitting on SO(5) tensor and vector, respectively. Hence, by rotational symmetry we conclude
Vµν = Vµ = 0. Therefore, interactions such as λψ are not allowed in the Berry phase, giving
the extra condition of B12 = B21 = 0
Finally, by looking at the interactions coming from Ψ†Ψ, we can say in the old language
that C11 = −C22. Also, since there are no interactions in equations (3.8b), (3.8a) and (3.8c)
of the type λ¯ψ, λλ nor ψψ, we conclude that C12 = C21 = 0 and B11 = B22 = 0.
In sum, an effective description of a system with parameters living in a hypermultiplet of
N = (4, 4) supersymmetry will give rise to a Berry’s phase with coefficients in (1.6) subject
to the restrictions (1.3), (1.7) and
DpGq = Bpq +Bqp = 0 , (3.9a)
Cpq = [G
†
p, Gq] = [Dp,D
†
q] = 0 , for p 6= q , (3.9b)
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where p, q ∈ {1, 2}.
The coefficient Cpq, by virtue of equation (1.7b), is to be seen as a curvature. Restrictions
(1.3b) and (3.9a) imply DpCrs = 0, meaning that N = (4, 4) systems have a covariantly
constant curvature.
This result has already been derived in the context of two-dimensional N = (4, 4) su-
perconformal field theories, where the bundle of chiral primary operators is shown to have
covariantly constant curvature [7].
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A. Computation of the generalisation of the self-dual equations
A.1 Using N = (0, 4) supersymmetric multiplets
For multiplets transforming under (2.1), the most general connection is, by dimensional rea-
soning, given by equation (2.2). Doing variations to it, we get
δA =
d
dt
(AraδX
a
r ) + ∂
q
bA
r
aδX
b
q X˙
a
r − ∂
q
bA
r
aδX
a
r X˙
b
q
+ ∂scB
rq
abδX
c
sψ
a
rψ
b
q +B
rq
abδψ
a
rψ
b
q +B
rq
abψ
a
r δψ
b
q ,
(A.1)
where ∂ra = ∂/∂X
a
r . On the other hand, in order for this variation to be a symmetry, equation
(1.5) must hold, with Θ chosen to be AraδX
a
r :
δA =
d
dt
(AraδX
a
r ) + i [A
r
a, A
s
b ] X˙
a
r δX
b
s + i
[
Brqab , A
s
c
]
ψarψ
b
qδ
c
s . (A.2)
Using the supersymmetry transformations, these two equations are telling us
(
∂qbA
r
a − ∂
r
aA
q
b
)
X˙ar
(
iβ4ψ
b
q + iβmψ
c
qJ
(m) b
c
)
+ ∂scB
rq
abψ
a
rψ
b
q
(
iβ4ψ
c
s + iβmψ
d
sJ
(m) c
d
)
+Brqab
(
−X˙ar β4 + βmX˙
c
rJ
(m) a
c
)
ψbq +B
rq
abψ
a
r
(
−X˙bqβ4 + βmX˙
c
qJ
(m) b
c
)
=i
[
Ara, A
q
b
]
X˙ar
(
iβ4ψ
b
q + iβmψ
c
qJ
(m) b
c
)
+ i
[
Brqab , A
s
c
]
ψarψ
b
q
(
iβ4ψ
c
s + iβmψ
d
sJ
(m) c
d
)
.
(A.3)
The coefficients of β4X˙ψ and βmX˙ψ give us the conditions (2.3a) and (2.3b) respectively.
The coefficient of β4ψψψ vanishes due to Bianchi identity, whereas from the coefficient of
βmψψψ we get (2.3c).
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A.2 Using another multiplet
With the idea of dimensionally reducing the generalisation of the self-dual equation to get the
tt* ones in mind, we can try to do something analogous at the level of the supersymmetry
transformations. Consider the following transformations
δxµq = iλ¯
qσ¯µξ − iξ¯σµλq , (A.4a)
δλq = x˙µq σ¯
µξ , (A.4b)
where (σ¯µ)αβ = (σi, i1)αβ and (σµ)αβ = (σ
i,−i1)αβ . ξ is the supersymmetric parameter,
a Spin(2) spinor, λ contains the fermionic variables of the multiplet in a Spin(2) spinor,
and xµ are four real bosonic variables. q labels the multiplet. Dimensional reduction of this
transformation recovers the transformations of the N = (2, 2) vector multiplet, presented in
[5]. Writing the spinor indices explicitly in equation (A.4b),
δ(λq)α = ix˙
µ
qσ
4
αρ (σ¯
µ)ρβ ξβ , (A.5)
where σ4, related to the identity, was taken into account to give the right spinoral index
structure to the equation. From now on, σ4 matrices will not be left in the equations.
The most general connection in the many multiplet case is
A = Aqµ(x)x˙
q
µ + (Bpq(x)λ
pλq + h.c.) +Kqrµ (x)λ¯
qσ¯µλr . (A.6)
Comparing this transformations with the vector multiplet transformations under N =
(2, 2) supersymmetry [5], we see that they are the same, with the identification x˙4q = D
q. At
the level of the connection A, the identifications to be made are Ap4 = −Hp, iK
pq
4 = Cpq and
~Kpq = ~Cpq.
Doing variations to the connection (A.6), we obtain
δA =
d
dt
(
Aqµδx
q
µ
)
+
(
∂sνA
q
µ − ∂
q
µA
s
ν
) (
iλ¯rσ¯νξ − iξ¯σνλr
)
x˙qµ
+ ∂sνK
qr
µ
(
iλ¯sσ¯νξ − iξ¯σνλs
)
λ¯qσ¯µλr +Kqrν ξ¯σ
µσ¯νλrx˙qµ +K
rq
ν λ¯
rσ¯ν σ¯µξx˙qµ
+
[
∂rµB
pq
(
iλ¯rσ¯µξ − iξ¯σµλr
)
λpλq −Bpqx˙pµξσ
µλq +Bpqλpx˙qµσ¯
µξ + h.c.
]
.
(A.7)
In order for the transformation (A.4) to be a symmetry, equation (1.5) must hold:
δA =
d
dt
(
Aqµδx
q
µ
)
+ i
[
Aqµ, A
r
ν
]
x˙qµ
(
iλ¯rσ¯νξ − iξ¯σνλr
)
+ i [Bpq, Arν ]λ
pλq
(
iλ¯rσ¯νξ − iξ¯σνλr
)
+ i
[
(Bpq)†, Arν
]
λ¯qλ¯p
(
iλ¯rσ¯νξ − iξ¯σνλr
)
+ i
[
Kqsµ , A
r
ν
]
λ¯qσ¯µλs
(
iλ¯rσ¯νξ − iξ¯σνλr
)
.
(A.8)
These two equations have to be equal. From the coefficient of ξλ, we conclude Bpq = 0. From
the coefficient of x˙λ¯ξ, we get
F rqνµx˙
µ
q iλ¯
rσ¯νξ +Krqν λ¯
rσ¯ν σ¯µξx˙µq = 0 . (A.9)
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Finally, we also get the condition
DsνK
qr
µ iλ¯
qσ¯µλrλ¯sσ¯νξ = 0 . (A.10)
Since K is related with F through equation (A.9), it inherits some symmetry properties from
F , including conditions coming from the Bianchi identity. After long and tedious calculations,
it is possible to show that (A.10) is trivially satisfied. Hence, this equation does not impose
any further condition on K.
Now, we are going to extract more information from (A.9). We know that
σ¯ν σ¯µ =


δij + iǫijkσ
k if ν = i, µ = j ,
iσi if ν = i, µ = 4 ,
iσj if ν = 4, µ = j ,
−1 if ν = 4, µ = 4 ,
(A.11)
so, equation (A.9) is telling us
−F rq4j +K
rq
j =0 , (A.12a)
−F rq44 −K
rq
4 =0 , (A.12b)
F rqkj + ǫijkK
rq
i + δkjK
rq
4 =0 , (A.12c)
F rqk4 +K
rq
k = 0 . (A.12d)
These equations contain
F rqµν = −
1
2
ǫµνρσF
rq
ρσ − δµνK
rq
4 . (A.13)
This is the same generalisation of the self-dual equation as the one obtained before (2.7).
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